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Abstract
A fresh look is taken at the fractional Helly theorem for line transversals to families of convex sets in
the plane. This theorem was first proved in 1980 by Katchalski and Liu [M. Katchalski, A. Liu, Symmetric
twins and common transversals, Pacific J. Math. 86 (1980) 513–515]. It asserts that for every integer k ≥ 3,
there exists a real number ρ(k) ∈ (0, 1) such that the following holds: If K is a family of n compact convex
sets in the plane, and any k or fewer members of K have a line transversal, then some subfamily of K of
size at least ρ(k) n has a line transversal. A lower bound on ρ(k) is obtained which is stronger than the one
obtained in [M. Katchalski, A. Liu, Symmetric twins and common transversals, Pacific J. Math. 86 (1980)
513–515]. Also, examples are given to show that a conjecture of Katchalski concerning the value of ρ(3),
if true, is the best possible.
c© 2008 Elsevier Ltd. All rights reserved.
1. Introduction
Let K be a family of compact convex sets in the plane. A common transversal, or line
transversal, of K is a straight line intersecting every member of K. The property of having a line
transversal is denoted by T , and we shall write K ∈ T if K has property T . If every subfamily of
K of size at most k has property T , where k ≥ 3 is a fixed integer, then we write K ∈ T (k) and
say that K has property T (k).
It has been known, from the very beginning of geometric transversal theory in the late 1930s,
that there are no Helly-type theorems for line transversals to general families of convex sets
(see [14]). In other words, the local property T (k) does not imply the global property T , no
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matter how large the number k is chosen. This did not prevent the theory of common transversals
to grow and flourish, especially in the decades since 1950. For surveys of the subject, covering
also its higher-dimensional ramifications, the reader is referred to [5,6,15].
This paper is concerned with the fractional Helly theorem for line transversals in the plane.
The problem is the following.
Let K be a finite family of compact convex sets in the plane, and assume that K has property
T (k) for a given k. Is it true that a certain positive “fraction” ofK has a common transversal? The
fraction here should of course depend only on k, not on the particular family K. More precisely,
does there exist a real number ρ(k) ∈ (0, 1) such that if K ∈ T (k) and |K| = n, then some
subfamily of K of size at least ρ(k) n has a common transversal?
As shown in 1980 by Katchalski and Liu [11, Theorem B], such a function ρ(k) does
indeed exist. (For a different proof of a more general result, see Matousˇek [13, Lemma 10.6.2].)
Furthermore, ρ(k) can be chosen in such a way that ρ(k)→ 1 as k →∞. In view of the absence
of Helly-type theorems, this is quite remarkable.
Here we shall give a new proof of Katchalski and Liu’s result. By using the fractional Helly
theorem for families of intervals on the line and a related theorem for families of arcs on a circle
(neither of which were available in 1980), we can improve on the lower bound for ρ(k). This is
the content of Theorem 2 below.
First, however, we take a closer look at the case k = 3. (This case was left open in [11] and
is excluded from Theorem 2 as well.) In 1978, at an Oberwolfach conference on convex bodies,
Katchalski [10] speculated that ρ(3) might be taken to be 23 (or close to that number). This will
be called Katchalski’s conjecture in what follows. The statement is a little vague, but it will be
made precise shortly.
Actually, Katchalski’s conjecture is rather bold, and almost 30 years after it was proposed a
proof (or a counterexample) still seems to be beyond reach. In Theorem 1 below we shall show
that if the conjecture is true, then it is the best possible.
That ρ(3) exists at all is not completely obvious. A weak lower bound can be obtained
by applying Ramsey’s theorem, as indicated below. The best known lower bound to date is
ρ(3) ≥ 14 . This follows from [4, Theorem] where the following Gallai-type result is proved:
If a family of compact convex sets in the plane has property T (3), then it can be partitioned into
4 subfamilies each of which has property T . The latter property is denoted by T 4, and in general
by T p, if a family can be partitioned into p such subfamilies. (Note that T 1 = T .) Thus T (3)
implies T 4. We strongly believe that T (3) implies even T 3. This would of course yield ρ(3) ≥ 13 .
We like to study Katchalski’s conjecture in a “dualized” setting, which can be described as
follows.
For every integer m ≥ 4, define N (m) to be the smallest integer N for which the following
statement is true: If K is a T (3) family of N (m) compact convex sets in the plane, then there is
a subfamily of K containing m members which has property T .
The existence of N (m) for all m can be derived from Ramsey’s theorem (see [3, p.197]).
Indeed, we have N (m) ≤ R2(m,m), where the Ramsey number on the right is the smallest
integer R such that, if each of the 2-element subsets of an R-element set is assigned one of two
colors, then there is an m-element subset all of whose 2-subsets have received the same color.
Hence, if |K| ≥ R2(m,m) and g is a fixed straight line in the plane, then K contains m members
any two of which have a line transversal parallel to g, orK contains m members no two of which
have such a transversal. In each case, the m members admit a common line transversal. This
follows from Helly’s theorem on the line in the first case, and from a result of Klee [12] in the
second case (see [7, Proposition 27]).
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Incidentally, the “transfinite” version of Ramsey’s theorem with two colors implies that if
K ∈ T (3), and K is infinite, then some infinite subfamily of K has property T . (See [3, Satz 4]).
Using a well known upper bound on R2(m,m), we find that N (m) ≤
(
2m−2
m−1
)
. In fact, N (m)
is bounded by a linear function of m but this is much harder to establish. The result quoted above
that T (3) implies T 4 yields N (m) ≤ 4m − 3. If T (3) implied T 3, as conjectured, then it would
follow that N (m) ≤ 3m−2. Conversely, any linear upper bound on N (m) yields a positive lower
bound for ρ(3).
Katchalski’s conjecture can now be given a precise form, namely, N (m) ≤ b 32 mc if m ≥ 4.
Lending support to the conjecture, we shall show that this inequality, if valid at all, is tight. In
other words, by constructing suitable families of convex sets in the plane, we shall prove:
Theorem 1. N (m) ≥ b 32 mc, m ≥ 4.
We mention that N (4) = 6 was obtained independently by Wegner and the author.1
Let us now return to the general case where much less is known. Our version of the fractional
Helly theorem for line transversals in the plane reads as follows.
Theorem 2. For every integer k ≥ 4, there exists a positive real number ρ(k) < 1 such that the
following holds true:
If K is a finite family of compact convex sets in the plane, and K ∈ T (k), then some subfamily
F of K with |F | ≥ ρ(k) |K| has a common transversal.
Moreover, ρ(k) can be chosen as 1−
√
2√
k
if k is even, and 1−
√
2√
k−1 if k is odd. In particular,
ρ(k)→ 1 as k →∞.
The proof of Theorem 2 in Section 3 relies on the method employed by Katchalski and
Liu [11]. However, it avoids the concept of “symmetric twins” used by these authors and takes
advantage of a new estimate obtained in Lemma 2 below. Furthermore, the restriction in [11] that
n should be sufficiently large will be removed.
2. Proof of Theorem 1
We need to construct a family of b 32 mc − 1 compact convex sets in the plane which satisfies
T (3) but is such that no subfamily of size m has a common line transversal. Two slightly different
cases will be considered.
Case 1: m = 2k, k ≥ 2.
We must show that N (2k) ≥ 3k. We start with a family C(k) = {D1, . . . , D3k−2} of congruent
circular disks whose centers lie equally spaced on the unit circle (the circle of radius 1 centered
at the origin). Their common radius, R(k), is chosen so that C(k) ∈ T (3), and R(k) is minimal
with this property. Equivalently, R(k) is equal to half the maximum width of a triangle formed by
centers of disks in C(k). (The width of a triangle is its smallest height.) The maximum is clearly
attained by three centers spaced as evenly as possible, e.g., the centers of D1, Dk and D2k . The
width is then the distance of the center of D1 from the line joining the centers of Dk and D2k .
This yields
R(k) = 1
2
(
1+ cos kpi
3k − 2
)
= cos2 kpi
2(3k − 2) .
1 Both proofs are unpublished.
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We claim that no 2k members of C(k) have a common line transversal. This is equivalent to
saying that the width of every convex hull of 2k centers of disks in C(k) is larger than 2R(k).
Obviously, the smallest such width is achieved by the convex hull of 2k consecutive centers, say,
the centers of D1, D2, . . . , D2k . In that case, the width is the distance between the line through
the centers of D1 and D2k and the parallel line through the centers of Dk and Dk+1. Half that
distance turns out to be
1
2
(
cos
(k − 1)pi
3k − 2 + cos
pi
3k − 2
)
= cos kpi
2(3k − 2) cos
(k − 2)pi
2(3k − 2) ,
which clearly exceeds R(k).2
We now enlarge C(k) by a circular disk D0 of radius r(k) centered at the origin. By definition,
r(k) is the smallest nonnegative number for which D(k) := C(k) ∪ {D0} also satisfies T (3).
We show that D(k) has all the required properties. For k = 2 and k = 3, this is easily seen
directly. Note that R(2) = 12 and R(3) = cos2 3pi14 , and, by inspection, r(2) = 12 (
√
2 − 1) and
r(3) = cos 2pi7 − cos2 3pi14 .
We claim that r(k) = 0 if k ≥ 4 and k 6= 6. (In other words, D0 can be taken to be the
degenerate disk consisting of the origin alone. This fact greatly facilitates the discussion below.
If one prefers the members of D(k) to have nonempty interior, one can “blow up” the family to
get {D0 + B, D1 + B, . . . , D3k−2 + B}, where B is the unit disk centered at the origin. For
sufficiently small  > 0, this new family has all the desired properties.)
Suppose, then, that k 6∈ {2, 3, 6}. We must show that any two members of C(k) have a line
transversal passing through the origin. Only disjoint members have to be considered, and in
that case the claim amounts to saying that the convex hull of their union contains the origin. A
sufficient (but not necessary) condition for this to happen is the following: If D and D′ are two
disks of radius R(k) touching each other, with centers on the unit circle, then conv(D ∪ D′)
contains the origin. Now the line through the centers of D and D′ has distance
√
1− R2(k) from
the origin. Hence if R(k) ≥ √1− R2(k), or R(k) ≥ 1√
2
, then the assertion holds. Since R(k)
increases with k, and R(8) = cos2 2pi11 > 1√2 , we deduce that r(k) = 0 for k ≥ 8.
The smaller cases k = 4, 5 and 7 are dealt with individually. It suffices to show that if
D1, Di+1 ∈ C(k) are disjoint, and i is minimal with this property, then R(k) ≥ cos ipi3k−2 . Indeed,
as ipi3k−2 is half the angle subtended at the origin by the centers of D1 and Di+1, the right-hand
side is the distance between the origin and the line passing through these centers. If α is half the
angle subtended at the origin by a member of C(k), then R(k) = sinα, and so D1 and Di+1 are
disjoint if and only if sin ipi3k−2 > R(k).
For k = 4, the smallest index i for which sin ipi10 > cos2 pi5 is true is i = 3. Since cos2 pi5 >
cos 3pi10 , this implies that r(4) = 0. Similarly, the smallest integer i with sin ipi13 > cos2 5pi16 is
i = 4, and the right-hand side exceeds cos 4pi13 . Hence r(5) = 0. Finally, the smallest i for which
sin ipi19 > cos
2 7pi
38 holds is i = 5, and cos2 7pi38 exceeds cos 5pi19 . This yields r(7) = 0.
We still have to prove that no 2k − 1 members of C(k) have a common transversal with D0,
that is, a line transversal passing through the origin. The following argument is valid for all
k ≥ 2. It is enough to check that D1 and Dk are disjoint, because then any line through the origin
2 Thus C(k) demonstrates that N (2k) ≥ 3k − 1. It can be checked that no family of congruent disks with centers
equally spaced on a circle will yield N (2k) ≥ 3k.
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intersects at most 2(k − 1) members of C(k). But sin (k−1)pi3k−2 > R(k) is a trivial consequence of
sin (k−1)pi3k−2 = cos kpi2(3k−2) < 1.
It remains to consider the case k = 6, where sin pi4 > cos2 3pi16 but cos2 3pi16 > cos pi4 is of course
violated. Hence D1 and D5 are disjoint but have no common transversal through the origin. On
the other hand, D1 and D6 do admit such a transversal, by virtue of sin 5pi16 > cos
2 3pi
16 > cos
5pi
16 .
Thus we find that r(6) = cos pi4 − cos2 3pi16 . Given this value of r(6), a careful analysis would
show that D(6) has all the required properties. However, we prefer to modify the family by
making D1, . . . , D16 slightly larger, so that their common radius is now R′(6) = 1√2 . Then D1
and D5 touch each other, and conv(D1 ∪ D5) contains the origin on its boundary. This yields the
new value r ′(6) = 0. As D1 and D6 are disjoint, no 11 members of the family have a common
transversal with D0. And since cos 5pi16 + cos pi16 > 1√2 , it is still true that no 12 members of
C(6) have a common line transversal. Therefore, the modified family does indeed show that
N (12) ≥ 18.
(In passing, we remark that the construction for k = 3, i.e., N (6) ≥ 9, can also be streamlined
in this manner. If R(3) is replaced by the slightly larger value R′(3) = cos 2pi7 , then D1 and D3
are still disjoint, so every line through the origin intersects at most four members of C(3). The
origin now lies on the boundary of conv(D1 ∪ D3), which means that in the modified family,
r ′(3) = 0. Since cos 2pi7 + cos pi7 exceeds 2 cos 2pi7 , no six members of C(3) have a common
transversal.)
Case 2: m = 2k + 1, k ≥ 2.
We must show that N (2k + 1) ≥ 3k + 1. The construction is similar to the one described
in Case 1. We first construct a family C(k) = {D1, . . . , D3k−1} of circular disks of radius R(k)
whose centers lie on the unit circle and form the vertices of a regular polygon. The smallest
radius R(k) for which C(k) ∈ T (3) is true is equals
R(k) = 1
2
(
cos
pi
3k − 1 + cos
kpi
3k − 1
)
= cos (k + 1)pi
2(3k − 1) cos
(k − 1)pi
2(3k − 1) .
This is half the width of the triangle spanned by the centers of D1, Dk and D2k . The width is
the distance between the center of D1 and the line through the centers of Dk and D2k .
To show that no 2k + 1 members of C(k) have a line transversal, we compute the width of the
convex polygon spanned by the centers of D1, . . . , D2k+1. This width is the distance from the
center of Dk+1 to the line through the centers of D1 and D2k+1. Half that distance is easily seen
to be
1
2
(
1+ cos (k − 1)pi
3k − 1
)
= cos2 (k − 1)pi
2(3k − 1) ,
which is larger than R(k). This proves the assertion.3
As in Case 1, we now add a disk D0 of radius r(k) to C(k) which is centered at the origin.
Again, r(k) is defined to be minimal with the property that D(k) := C(k) ∪ {D0} ∈ T (3).
We claim that r(k) = 0 if k ≥ 4. Exactly as in Case 1, a sufficient condition for r(k) = 0 to be
true is R(k) ≥ 1√
2
. Since R(6) = cos 7pi34 cos 5pi34 > 1√2 , and R(k) increases with k, the condition
holds for k ≥ 6. The remaining two cases can be checked directly, as follows.
3 Hence C(k) shows that N (2k + 1) ≥ 3k.
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Fig. 1. N (7) ≥ 10.
The condition for D1 and Di+1 being disjoint is now sin ipi3k−1 > R(k), and that for
them having a line transversal through the origin is R(k) ≥ cos ipi3k−1 . If k = 4, where
R(4) = cos 5pi22 cos 3pi22 , the smallest i for which the first condition holds is i = 3, in view
of sin 3pi11 > R(4) > sin
2pi
11 . Since R(4) > cos
3pi
11 , this yields r(4) = 0. If k = 5, where
R(5) = cos 3pi14 cos pi7 , we find that sin 2pi7 > R(5) > sin 3pi14 . Thus the smallest i for which the
first condition holds is i = 4. Now R(5) > cos 2pi7 , and so r(5) = 0 follows.
It remains to prove that if k ≥ 4, then no 2k members of C(k) have a line transversal through
the origin. As in Case 1, this follows from the fact that D1 and Dk are disjoint, which in turn
is equivalent to sin (k−1)pi3k−1 > R(k). Since sin
(k−1)pi
3k−1 = cos (k+1)pi2(3k−1) , the inequality reduces to
cos (k−1)pi2(3k−1) < 1 which is obvious.
We are now left with the cases k = 2 and k = 3. For k = 3, we have R(3) = 1√
2
cos pi8
and r(3) = 1√
2
(1 − cos pi8 ). The family D(3) is easily checked directly. (See Fig. 1.) However,
for k = 2 it turns out that any four disks of C(2) have a unique common transversal which is
a tangent line of D0. (Note that R(2) =
√
5
4 and r(2) = 14 .) So this is the only case where the
construction doesn’t work, that is, the proposed family does not have the desired properties. Still,
N (5) ≥ 7 is true. For example, Bezdek [2] constructs a T (3) family of six pairwise disjoint
circular disks in the plane, no five of which have a common transversal.
This completes the proof of Theorem 1. 
The reader may have noticed that the construction used in the proof bears some resemblance to
that given in [3, Satz 3]. We point out that suitable subfamilies of the family of 14 compact convex
sets constructed there can be used to show that N (m) ≥ b 32 mc for 4 ≤ m ≤ 10. Holmsen [8]
describes a family of 12 pairwise disjoint translates of a rectangle which has property T (3) but
in which no 9 members have a common transversal. This also yields N (9) ≥ 13.
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3. Proof of Theorem 2
The main ingredients in the proof of Theorem 2 are the following Lemmas 1 and 2.
Lemma 1. Let K be a family of n intervals on a line, and let α be a real number with 0 < α < 1.
If at least α
( n
2
)
pairs of intervals in K intersect, then some subfamily of K of size at least
(1−√1− α)n has nonempty intersection.
This result is called the fractional Helly theorem on the line. In a slightly weaker form, it
was first proved by Abbott and Katchalski [1]. The version above and its higher-dimensional
analogue are due to Kalai [9]. The constant 1−√1− α is the best possible.
Lemma 2. Let A be a family of n arcs on a circle, and let k be an integer with 1 < k < n. If
every k or fewer arcs inA intersect, then some subfamily of A of size at least k−1k n has nonempty
intersection.
An arc is a closed connected subset of a fixed circle (possibly the whole circle). It is denoted
by AB if A and B are its endpoints, and A precedes B when the arc is traversed in the
anticlockwise direction. Its length, measured on the circle, is written |AB|.
Proof of Lemma 2. LetA be a family of arcs, as given above. In particular, any two members of
A intersect. We assume, as we may, that A contains proper arcs. Let A1 B1 be an arc of shortest
length in A. Then any other arc meets A1 or B1. If A1 lies in every arc of A, then we are done.
If not, choose A2 B2 in A so that A1 6∈ A2 B2 and |A2 B1| = |A2 B2 ∩ A1 B1| is smallest among
all such choices. If k ≥ 3 and every arc in A includes A2, then again we are finished. Otherwise,
there exists an arc A3 B3 inA such that A2 6∈ A3 B3, B1 ∈ A3 B3, and |A3 B1| = |A3 B3∩ A1 B1| is
smallest among all choices. Indeed, A3 B3 must always intersect A2 B1, if k ≥ 3, and B1 6∈ A3 B3
would mean that |A3 B3| < |A1 B1|. This process can be repeated until, finally, some arc
Ak−1 Bk−1 in A contains B1, but not Ak−2, and |Ak−1 B1| = |Ak−1 Bk−1 ∩ A1 B1| is minimal
with this property.
It can be assumed that the points A1, . . . , Ak−1, B1 are pairwise distinct because otherwise
one of them would lie in every arc of A. We claim that any AB ∈ A contains at least k − 1
of these points. Indeed, since any k arcs intersect, AB must meet the intersection of the arcs
A1 B1, . . . , Ak−1 Bk−1 which by construction is Ak−1 B1. If AB does not contain B1, then AB
must include A1, . . . , Ak−1 since A1 B1 would not be of minimal length in A otherwise. If AB
does include B1, but not Ai for some i ∈ {1, . . . , k − 1}, then it must contain Ai+1, because
otherwise Ai+1 B1 would not have minimal length at stage i . Similarly, it must contain Ai−1;
otherwise, Ai B1 would not have minimal length at stage i − 1. Hence AB contains all the points
A1, . . . , Ai−1, Ai+1, . . . , Ak−1 and also B1. This proves the claim.
By double counting, it follows that one of the points A1, . . . , Ak−1, B1 is contained in at least
k−1
k n of the arcs in A. 
It appears that the assertion of Lemma 2 has been overlooked in the literature. As already
mentioned, Katchalski and Liu [11, Theorem A] prove a somewhat weaker version of it, with
ratio k−2k+1 instead of the
k−1
k obtained here.
We point out that k−1k cannot be replaced by a larger number. Indeed, choose n := kr different
points on the circle, where r > 1, and letA be the family of arcs spanned by the sets of (k−1)r+1
consecutive of these points. Then each of the given points lies in (k − 1)r + 1 of the arcs, and
any other point of the circle lies in (k − 1)r of them. Since k((k − 1)r + 1) > (k − 1)kr , every k
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members ofA intersect. On the other hand, the maximum number of arcs containing a fixed point
of the circle is (k−1)r+1kr n. Here n depends on r, but as r → ∞, the prefactor of n approaches
k−1
k . This proves the assertion. 
We are now ready to give a proof of Theorem 2.
Proof of Theorem 2. Let K be a family of n compact convex sets in the plane, and assume that
K has property T (k).
We first deal with the case in which k is even, say, k = 2l with l ≥ 2. Following Hadwiger and
Debrunner [7, Proof of proposition 26, p. 62], we fix a circle C in the plane and a point P lying on
C . Each line g in the plane is mapped to a point of C , namely, the point where the line through P
parallel to g intersects C a second time. If the parallel happens to be the tangent of C at P , then g
is mapped to P . Under this mapping, the set of common transversals of two fixed compact convex
sets goes into an arc of C . Let A be the family of arcs of C obtained by carrying this out for all
pairs of sets in K. Then K ∈ T (2l) implies that any l arcs in A intersect. Hence by Lemma 2,
some point Q of C is contained in at least l−1l
( n
2
)
members of A. Fix a line h perpendicular
to the line through P and Q, and project the members of K orthogonally onto h. Then at least
l−1
l
( n
2
)
pairs of the resulting segments of h have a nonempty intersection. By Lemma 1, there is
a subfamily of K of size at least (1− 1√
l
)n such that the segments corresponding to its members
intersect. In other words, this subfamily has a common transversal perpendicular to h. Hence the
assertion of Theorem 2 for k = 2l follows if we take ρ(2l) = 1− 1√
l
.
If k is odd, say, k = 2l+1 with l ≥ 2, then we set ρ(2l+1) := ρ(2l), and are done. Note that
if k →∞, then ρ(k) approaches 1, as asserted. This completes the proof of Theorem 2. 
4. A conjecture
We do not believe that Theorem 2 provides a good estimate of the fraction ρ(k). However,
better bounds may not easily be available. In [3, Satz 1] it was shown that for any family of
compact convex sets in the plane, T (4) implies T 2. (For the definition of T 2, see Section 1.) As
a consequence, we find that ρ(k) ≥ 12 when k ≥ 4. Hence for the estimate in Theorem 2 to be
stronger than this, we must have k ≥ 10. As a further example, notice that ρ(18) ≥ 23 . This is
clearly a long way away from what Katchalski conjectured.
As in the special case k = 3, the existence of ρ(k) as described in Theorem 2 implies the
following:
For all integers m and k with m > k ≥ 3, there is a smallest integer N (m, k) such that the
following statement is true:
If K is a family of N (m, k) compact convex sets in the plane, and K ∈ T (k), then some m
members of K have a common line transversal.
Note that N (m) = N (m, 3). For k ≥ 4, the bound ρ(k) ≥ 12 mentioned above translates into
N (m, k) ≤ 2m − 1 whereas Theorem 2 yields N (m, k) ≤
√
l√
l−1 m with l = b
k
2c.
It is tempting to conjecture that N (m, k) = b kk−1 mc, k ≥ 3. This agrees with Katchalski’s
conjecture for k = 3. However, there is little evidence to support the conjecture. As a first step,
one could try to prove the following:
If k ≥ 4, and any k of k + 2 given compact convex sets in the plane have a line transversal,
then some k + 1 of them have a line transversal.
It would follow that N (k+1, k) = k+2 if k ≥ 4, as T (k) fails to imply T already for families
of size k+1 (see [14], [7, p. 9]). The corresponding result for k = 3 is N (4) = 6, which is known
to be true.
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